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Abstract. We study the birational structure of hypersurfaces in products of projective 
spaces. These hypersurfaces are in many respects simple varieties, yet they provide many 
interesting examples of birational geometry phenomena. In the case of hypersurfaces in 
pm x pn^ we Ascribe their nef, movable and effective cones and determine when they are 
Mori dream spaces. 



Let X be a hypersurface of P m x P™ of bidegree (d, e) defined by a bihomogeneous polynomial 
in the variables Xq, . . . , x m , yo, . . . ,y n . If the dimension of X is at least three, the Lefschetz 
theorem says that the inclusion induces an isomorphism of Picard groups Pic(X) ~ Pic(P m x 
P") ~ Z 2 . It is therefore natural to ask how the various cones of divisors of X are related 
to those of the ambient space P m xP". In general this relation is not clear, as examples of 
Hassett-Lin-Wang [7] show that the nef cone of X can be strictly greater than that of P™ x P" 
in the cases m = 1 or n = 1 (however, for to, n > 2, the two nef cones coincide). We therefore 
ask: 

Question 1. What are the cones of effective, movable or nef divisors on XI 

Recall that a normal Q-factorial projective variety X is a Mori dream space if the following 
three conditions are fulfilled: (i) ^{X^&x) = 0; (ii) the nef cone Nef(X) is generated by 
the classes of finitely many semiample divisors; and (iii) there is a finite collection of small 
Q-factorial modifications 4>i : X — » X^ such that each X^ satisfies (ii) and the movable cone 
of X decomposes as Mov(X) = U cj>* Nef(A^). 

This notion was introduced by Hu and Keel in [8] as a class of varieties with good birational 
geometry properties. It turns out that the condition of being a Mori dream space is equivalent 
to having a finitely generated Cox ring [8j Theorem 2] . This ring is essentially defined by 



where the ring structure is given by viewing sections as rational functions. 

Mori dream spaces are particularly nice from the viewpoint of Mori theory; the Minimal 
Model Program can be carried out for any divisor and has a combinatorial structure as in 
the case of toric varieties. More precisely, choosing a presentation for the Cox ring gives an 
embedding of X into a simplicial toric variety Y such that Eff(Y") = Eff(X) and Nef(X) = 
Nef(T) and each of the modifications 4>i above is induced from a small modification of the 
ambient space Y (see [8j Proposition 2.11]). It is therefore natural to ask: 

Question 2. For which d, e is the hypersurface X C P m xP" a Mori dream space? 

Being a Mori dream space is a relatively strong condition and there arc classical examples 
of varieties that are not. Perhaps the most famous of these is Nagata's counterexample to 
Hilbert's 14th problem, in which he proves that the blow-up of P 2 along the base-locus of a 
general cubic pencil has infinitely many (— l)-curves [15] . This blow-up is clearly not a Mori 
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dream space since each of the (— l)-curves would require a generator of the Cox ring. The same 
phenomenon happens for a K3 surface with large Picard number, where one typically expects 
infinitely many (— 2)-curves. 

There are also other obstructions to being a Mori dream space than the non-polyhedrality of 
the effective/nef cones. Indeed, there might be integral classes in the boundary of the nef cone 
which are not semiample. In this paper we will construct concrete examples of this phenomenon 
even for Picard number 2; In fact 'most' hypersurfaces in P 1 x P n have an extremal ray of the 
nef cone which does not even have an effective multiple, so they are not Mori dream spaces. 
Thus these hypersurfaces provide simple counterparts to Nagata's examples above. 

Our main result is the following: 

Theorem 1.1. Let X be a smooth hyper surface of bidegree (d,e) in P m x P™ of dimension 
at least three and let Hi = pr* ^(1). // m,n > 2, X is a Mori dream space and 7Z(X) is 
isomorphic to k[xo, . . . , x m , yo, . . . , y n ]/ (/). In particular, 

ES(X) = Mov(X) = Nef {X) = R> Hi + R> H 2 

For general hypersurfaces in P 1 x P" where n > 3, we consider the the following cases: 

(i) d — 1 . Then 

EffpO = R> ifi +R> {eH 2 -Hi). 
Mov(X) = Nef(X) = R> i2"i + R> H 2 . 

Moreover, the second projection gives X the structure of a blow-up of P™ along the in- 
tersection of two degree e hypersurfaces the exceptional divisor is linearly equivalent to 
eH 2 — Hi . In particular, X is a Mori dream space. 

(ii) If 1 < d < n. Then 

Eff(X) = Mov(X) = R> iii + R>a(eH 2 - H). 

Nef(X) = M> ffi+K> H 2 . 

Moreover, H 2 determines a small contraction f : X — > Z and there is a flip f + : X + — > Z 
which gives a decomposition Mav(X) = Nef(X) UNef(X + ). Hence X is a Mori dream 
space, 
(in) d = n. Then 

Eff(X) = Mov(X) = Nef(X) = M> i?i + WL>o(eH 2 - 

The extremal divisor eH 2 — Hi is base-point free and defines a contraction to ¥ n . In 
particular, X is a Mori dream space, 
(iv) If d> n, and X is very general, then X is Mori dream if and only if e = 1. If e = 1, X 
is flP" -1 -bundle overV 1 . Ife>2, we have 



Eff(X) = Mov(X) = Nef(X) = R> Hi + R> {neH 2 - dHi). 
But Eff(X) is not closed. Hence X is not a Mori dream space. 



Moreover, in Theorem 3.2 below, we give an explicit presentation of the Cox ring of X when 
it is finitely generated. 

Note that the Mori dream hypersurfaces have bidegrees (d, e) lying in the L-shaped region 
given by {(d, e) £ N 2 | d < n or e = 1}. Hence it is essentially the value of d that determines 
whether a general hypersurface of degree (d, e) is a Mori dream space or not. Note also that 
all the cones involved are rational polyhedral for any bidegree. 

A general principle of Mori theory is that varieties with negative canonical bundle has a 
better understood birational structure (e.g., the cone theorem gives information about the 
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K x -negative part of the cone of curves). It is therefore interesting to interpret Theorem |1.1| in 
terms of the canonical bundle of X, which is given by Kx = (d — m — 1)H\ + (e — n — l)i?a- 
Let us for simplicity consider the first non-trivial case of the theorem, namely hypersurfaces 
in P 1 x P 3 . Here there are only a few values of d, e where X is Fano, i.e., when —Kx is ample 
(using Theorem one can show that this happens precisely when c/<2,e<3;ore=l). 
In this case it is well-known that X is a Mori dream space |4j. On the other hand, when 
(d,e) — (2,4), X is a Calabi-Yau threefold, where Kx — &x and k(X) = 0, and X is a Mori 
dream space by the theorem. On the other hand, for general type varieties, when Kx is ample, 
most hypersurfaces are not Mori dream, although there are some that are (e.g., (3, 5) is Mori 
dream, (4,5) is not). 

There is a corresponding result for surfaces in P 1 x P 2 , but this requires a slightly modified 
argument, as the Picard group of X might be larger than that of the ambient space. Never- 
theless, using the Noether-Lefschetz theorem, we prove the following analogue of Theorem |1.1| 
for surfaces: 

Proposition 1.2. Let X be a very general surface in P 1 x P 2 of bidegree [d, e) with e > 2. We 
have the following cases: 

(i) d = 1. X is the blow-up o/P 2 along the base-locus of two very general degree e curves. 
It is a Mori dream space if and only if e < 2, in which case X is a Del Pezzo surface. In 
the other case, X is a rational surface with infinitely many {—\)-curves. 

(ii) d = 2. X is a double cover o/P 2 branched along a smooth curve of degree 2e and is 
always a Mori dream space. 

(Hi) e = 1. X ~ Fo for d even, and X ~ Fi for d odd. 

(iv) d > 3 and e > 2. Then the effective cone of X is not closed. Hence X is not Mori dream. 

After this paper was written, we learned that some of the hypersurfaces in Theorem |1.1| 
were considered by Ito in |9 . More precisely, Ito shows that the hypersurfaces in the cases 
(i)-(iii) are Mori dream spaces using a different argument than ours. 

1.1. Relation to an example of Mumford. Theorem 1 1 . 1 1 gives a simple example of a line 
bundle L which has positive intersection with every curve C, but is not ample. More precisely, 
a very general surface of bidegree (3, 3) in P 1 x P 2 has the line bundle L = &(2H 2 — Hi) which 
satisfies this condition. Of course here L has self-intersection 0. In Section 5 we also construct 
higher dimensional analogues of this. Examples of line bundles with such properties were first 
constructed by Mumford using certain projective bundles ¥(<§) over curves of genus > 2. Our 
geometric construction in Theorem |l.l| w) was inspired by Mumford's example, but we use 
only projective bundles over elliptic curves. 

1.2. Relation to the work of Artebani Laface, Hausen and Jow. Motivated by the 
Lefschetz hyperplane theorem for Pic(A), a natural question is whether a sufficiently general 
hypersurface in a Mori dream space is again a Mori dream space. Of course, Theorem |1.1| 
provides many counterexamples to this, but still it is worthwhile to mention some positive 
results in this direction. 

Let i : X Y be an ample hypersurface in a projective Mori dream space Y. Denote by 
Y = Spec7Z(Y), and X — V(f) C Y where / is a section defining X in Y. By building on work 
of Hausen, Artebani-Laface and Jow give criteria for when the restriction of sections induces 



an isomorphism of Cox rings i* : TZ{X) ~ lZ(Y)/(f). In 10 , Jow proves that this holds for 
any smooth ample divisor X on Y, provided Y is smooth of dimension > 4, and V(Ii rr (Y)) 
has codimension at least 3 in Y. Here Ii rr denotes the so-called irrelevant ideal, defined as the 
radical of the ideal generated by the subalgebra ® TO>0 H°(Y, mD) of TZ(Y), where D is any 
ample divisor on Y . The importance of this ideal comes from the fact that Y is a GIT quotient 
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of Y by the Picard torus Hom(Pic(Y), k*) ~ and V(Ii rr ) defines the unstable locus of this 
action [8]. 

Generalising Jow's results, Artebani and Laface prove very refined results that in particular 
imply that the above conclusion holds under much weaker assumptions on Y provided X is 
ample and general in its linear system so that i* : C1(Y) ~ C\(X). 

Let us see how these results apply to our situation, where Y = P m x P™. Here the Cox ring 
is given by TZ(Y) = k[x , . . . , x m , y , . . . , y n ], where the grading is deg 2^ = Hi and degyj = H 2 
and Ii rr = (x , . . . , x m ) n (yo ■ ■ ■ , y n )- Then it is clear that V(Ii rr ) has codimension > 3 if and 
only if m, n > 2. Hence when m, n > 2, Questions 1 and 2 have a straightforward answer: 

Proposition 1.3. Let m,n > 2 and let X C Y = P m xP" be a smooth ample hyper surface 
defined by a general form f of bidegree and let Hi — pr* ^(1). Then 

K(X) ~ K(Y)/(f) = k[x , v m ,y y n ]/(f) 

where the bigrading is given by deg Xi = Hi and deg j/j = Hi . In particular, 

Nef (X) = ES(X) = Mov{X) = M> 0j ffi + M> 0j ff 2 

Here the same proof works for hypersurfaces in any product of projective spaces of dimension 



at least 2 (see Corollary 2 of 10 



In particular, means that the questions mentioned in the introduction are only interesting for 
hypersurfaces in P 1 x P". Here the situation becomes more complicated, because the presence 
of higher cohomology makes it difficult to compute H°(X, ff(D)), In particular, we will see 
that the conclusion of Proposition |1 .3| does not hold in these cases. 



1.3. Notation. Throughout the paper we will be working over an algebraically closed field 
of characteristic 0. The main reason for this is that we will use properties of semistable 
vector bundles (such as the fact that a symmetric power of a semistable vector bundle is again 
semistable), which are known to be false in positive characteristic. On the other hand it is 
likely that many of the results in Section 2 and 3 can be extended to positive characteristic 
using the Grothendick-Lefschetz theorem, which is known to hold in all characteristics. 

We let N 1 (X) denote the Neron-Severi group of X, i.e., the R- vector space of divisors 
modulo numerical equivalence. For most of the varieties in this paper numerical and linear 
equivalence coincide, so that N 1 (X) = Pic(X) eg) R. Inside N 1 (X) we define the effective cone 
Eff(X) to be the cone spanned of all effective divisors. Similarly, we denote by Nef(X) (resp. 
Mov(X)) the cone of nef divisors (resp. movable divisors). Here we call a divisor D nef (resp. 
movable) if D-C > for every curve C (resp. if the linear system \D\ has no fixed components). 
Note that the nef cone is always closed, whereas the other two need not be. 

We will follow the convention of [8l for flips : If / : X — > Z is a small contraction and D is a 
Q-Cartier divisor such that —D is /-ample, then the D-flip of / is a contraction /+ : X + — > Z 
such that the strict transform of D is Q-Cartier and / + ample. 

For projectivized bundles, we will use the Grothendieck notation for P(<?), i.e., this is the 
variety of hyperplanes in the vector bundle S . 

We will also distinguish between general and very general hypersurfaces. Here the former 
will refer to the hypersurface being chosen outside a finite union of closed algebraic subsets of 
the parameter space, whereas 'very general' means outside a countable union of closed algebraic 
subsets. 

1.4. Acknowledgements. Thanks to my advisor Burt Totaro for his advice and encourage- 
ment. Also thanks to Laurent Gruson, Antonio Laface, Victor Lozovanu, Christian Peskine 
and Claire Voisin for interesting discussions and comments. Special thanks to Kenji Oguiso 
for sending me his note about threefolds in P 1 x P 3 . 
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2. Mori dream hypersurfaces in P 1 x P™ 
Consider a hypersurface X C P 1 x P" denned by a bihomogeneous form 

(2.1) / = rrg/o + x^xxh + ... + xff d = 

where xq, x\ coordinates on P 1 and the fi are homogenous forms of degree e in the coordinates 
yo, . . . , y n on P™. We will in this section assume that / is general and that n > 3. For the case 
where X is a surface, see Section |4j 

Note that X comes with two projections, pr x : X — > P 1 and pr 2 : X — > P™. By the 
Grothendieck-Lefschetz theorem, we have Pic(X) ~ Pic(P 1 x P") = ZHi ® ZH 2 where Hi = 
pr* Li for general hyperplanes L x C P 1 and L 2 CP". We may assume that Hi,H 2 are smooth 
prime divisors. 

We first consider hypersurfaces X of bidegree (d, 1) in P 1 x P™ with d < n. After a linear 
coordinate change, we may assume that X is defined by the equation 

(2.2) xfoo + x^ny! + ... + -. x(y d = 

Note that the fibers of the first projection are hyperplanes in P n , so X is a projective bundle 
over P 1 , a so-called rational normal scroll. In fact, we will show that when X is general, it is 
isomorphic to P(S') where S = Gy\ (l) d ® 0^~ d . Indeed, there is an exact sequence of bundles 
on P 1 

-> <V (-d) iff™? 1 -^£^0, 
which gives an embedding X = F(S') —} F((? n+1 ) = P 1 x P" as a hypersurface. More explicitly, 
if we define tf> : P(^) -> P 1 x P™ by 

—X\Z\ for i = 

XQZi — xiZi+i, for < i < d 
x z d , i = d 

Zi for i = d + 1 . . . n, 



(2.3) r(Vi) 



then the image in P 1 x P™ is precisely the hypersurface defined by the equation ( |2.2[ ). Here 
we consider a basis z x , . . . , z d is a basis for H°(F l ,g(-l)) C H°(F(S'), 0(1) ® n*0(-l)) and 
z d+1 ,...,z n a basis for ^(P 1 , c H°(P(£), (?(!)). Note that in terms of the basis 

H x , Hi we have Hi — 7r*^pi(l) and H 2 ~ ffv(S)(l)- 

The vector bundle S is generated by the n + d sections Uij = XiZj for i = 0,1, j = 1, . . . , d 
and Ui = z d+ i . . . , u n - d — z n . These sections give an embedding of X inside P 1 x f> n + d ^ 1 an( j 
the defining equations are the minors of the matrix 

xq u i ... u od 

Xi Mn ■•■ "lei 

From this we see that the second projection p = pr 2 is birational and the image Z is a cone 
over the Segre embedding of P 1 x p d_1 inside p n +» _1 . In fact, from the defining equations it 
is clear that X is the blow-up of Z along the ideal (uoi,«ii). 

2.1. The case d = 1. In this case, the second projection contracts the divisor zi = and 
realizes X as a blow-up of P n along the codimension 2 linear space uqi = uu = 0. The 
exceptional divisor is linearly equivalent to divzi = H 2 — Hi . From this description, it is clear 
that 

(2.4) Nef (X) = Mov(X) = R> Hi + R> a H 2 and Eff(X) = R> a Hi + R> (H 2 - Hi), 
proving Theorem |1.1| in the case d = e = 1. 

2.2. The case 2 < d < n. Here the ideal (uqi,uu) has codimension 1 in Z an so p = 
pr 2 : X — > Z is a small contraction. The variety Z has two rulings (corresponing to each 
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factor in the P 1 x P d_1 ). We can blow up the cone Z along the P d_1 ruling, to get a variety 
p + : X + — > Z which embeds in P d_1 x p n + d - 1 with dcterminantal equations as above. The 
second projection 7r + = prj : X + — > P d_1 defines another projective bundle, namely X + = 
P(^ pd -i(l) 2 © -> P d_1 and the induced birational map X — » X+ is the (-JJi)-flip of 

the morphism p : Y — > Z. In particular, we see that the transform of H2 — Hi is nef on X + . 
Hence the two extremal contractions of X + are given by X + — > Z and the bundle projection 
7T+ : X+ -> V d -\ 

Remark 2.1. For d = 2 and n = 3, this gives the classical Atiyah flop, where the variety Z 
above is the quadric cone in P 4 and X —> Z and X + — > Z are its two small resolutions. 

In all, we see that the nef cone of X is spanned by H\ and H 2 , since these are nef, but 
not ample, and Eff(X) is spanned by H2 and H2 — Hi, since these are effective but not big. 
Moreover, the last two line bundles are movable, and their transforms are nef on X + . Hence 
there is a decomposition 

(2.5) ES(X) = Mov(X) = Mov(X) = Nef (X) U Nef(X+) = R> Q Hi + R> Q (H 2 - Hi) 
This is shown in Figure [T] 




2.3. The case d = n. In this case, we claim that Y ~ P 1 x P n_1 . Indeed, if xq,Xi are 
coordinates on the P 1 and zq,... ,z n —\ coordinates on the P n_1 , the morphism <f) defined in 
(2.3) gives an embedding Y — > P 1 x P™ as a bidegree (n, 1) hypersurface. Since Y ~ P 1 x P™ -1 
and div Zi = if 2 — Hi , we have 

(2.6) Eff(X) = Mov(X) = Nef (X) = R> Hi + R> a (H 2 - Hi) 

and the two contractions are given by the two projections to each factor. 



Remark 2.2. Inverting the expressions (2.3) for the Zi, we can compute an explicit basis for 
H°(X, H<z — Hi) in terms of the coordinates on P 1 x P™. Abusing notation, we write 



zi = -yo/xx 

Z2 = - {xqVo + XlVl) / x\ 

z d = - (x^~ 1 y + ... + xf~' L y d -x) /xf = yd/x - 



Note for example that zi is a global section, since it can only have a pole along the divisor xx 
and modulo the form (2.2), we have —y^jxx = (x'o^ 1 yo + ■ ■ • + Xi~ 1 y n -i) /%o- 
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2.4. Higher degree hypersurfaces. Let /o, ■ ■ ■ , /<2 be general degree e forms in yo, . . . , y n 

and consider a hypcrsurface X defined by an equation of the form 

/ = x$f + . . . + xff d = 



Let Y be the hypersurface of bidegree (d, 1) defined by the form (2.2) in P x P n . Choose 
general degree e- forms fd+i, ■ •■,/« an d define r\ : P" — > P" to be the morphism defined by 
rfilJi) = fi f° r * = 0,...,n. The point of this is that X = (/> _1 (y) where <fi = (idx-q) : 
pi x pn pi x P™. Since </> is finite and surjective, we also get 

(2.7) Eff(X) = <jy* Eff (y), Mov(Jf) = 0* Mov(y) and Nef(X) = <j>* Nef(y). 

Write for simplicity, /i^ = pr* <^(l)|y on Y and = pr* ^(1)1^ on X. By construction, we 
have (j)*hi = H 1 and (j>*h 2 = eH 2 . 



Proof of Theorem\Tl\i). By §2A§ and p^7] , we have Nef(X) = Mov(X) = M> -Hi + M> F 2 



and Eff (X) = R> Q Hi +K>o(-#i +eH 2 ). Moreover, X is the blow-up of P™ along the complete 
intersection subvariety {fo = fi =0}, and eH 2 — Hi is linearly equivalent to the exceptional 
divisor. □ 



Proof of Theorem\Tl^n). By and ([2j]), we have Nef (X) = R> Q H 1 +R> H 2 and Eff (X) = 



Mov(X) = M>o-£/i + M>o(— Hi + eH 2 ). It remains to describe the decomposition of Mov(X). 

Let p : Y — > Z be the small contraction determined by h 2 , and let p + : Y + — > Z be the 
(— /i 1 )-flip of p. We get a small contraction q : X — > W by taking the Stein factorization of 



rjocj): X^-Y^-Z. Since / is finite and surjective, the result 12 Corollary 6.9] says that 
there exists a (— i?i)-flip X + — > W of q. Moreover, since h 2 — hi defines a contraction of Y + 
to a (d — l)-dimensional variety, so does 4>*(h 2 — hi) = eH 2 — Hi on X + . Hence the nef cone 
of X+ is spanned by H 2 and eH 2 - Hi and we find that Mov(X) = Nef(X) U Nef(X+) = 
M> 0j tfi+K>o(eif 2 -^i). □ 



Proof of Theorem\TJ\iii). From ([2l| and p^ ), we get Eff(X) = Mov(X) = Nef(X) 



1>qHi + Hl>o(—Hi + eH 2 ) verifying the first part of the theorem. Moreover, the divisor 
eH 2 — Hi = 4>*{h 2 — hi) is base-point free and determines a morphism to P ra_1 given by the 
composition X — >• Y — >• P n_1 . □ 

Remark 2.3. For hypersurfaces X of bidegree (2, e) in P 1 x P™, it turns out that the birational 
model X + is actually isomorphic to X. We explain this fact as follows. 

Suppose that X is defined by f(x ,xi,y) = xlf (y) + x xifi(y) + x\f 2 {y) = in P 1 x 
P™. Note that the second projection pr 2 : X — > P" is generically 2:1, but it contracts the 
codimension 2 locus given by W = {fo = fi = f 2 = 0} which is a union of rational curves. 
Let cj) : X — > Z be the Stein factorization of pr 2 . Here Z is the double cover of P™ branched 
over the divisor given by {ff — 4/0/2 = 0} in P". Let a : Z — > Z be the natural involution 
that interchanges the sheets of the double cover, a induces a birational pseudoautomorphism 
of X defined outside W. Explicitly, a sends a point (xo,xi,y) € X, to {x' Q , x[, y) <E X where 
(x' , x[, y) is the 'other solution' to the equation f(xo,xi 1 y) = 0. Using this description, it is 
easy to show that a* Hi + Hi = eH 2 , a is the — -ffi-flip of </>. This recovers the decomposition 
of the movable cone Mov(X) = Nef(X) U a* Nef(X) = R> a Hi + R> {eH 2 - Hi). 

3. A GEOMETRIC DESCRIPTION OF THE EXTREMAL CONTRACTIONS 

Consider a hypersurface X in P 1 x P n of bidegree (d, e) with 2 < d < n. From the previous 
section we know that X is a Mori dream space and that the movable cone decomposes as 
Nef(X) U Nef(X + ) for some birational model X + . In this section we give a geometric con- 
struction of X + and the birational map X --■» X + . The idea is to construct an embedding of 
the hypersurface X inside a toric variety Y so that the birational map X — -> X' is induced by 
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a birational map of Y. This will also allow us to give an explicit presentation of the Cox ring 
of X as a quotient of the Cox ring of Y. 

Consider the vector bundle § — P i xpn (0, e) 8 ^pi x p" (1, 0) d on P 1 x P" and its associated 
variety of hyperplanes n : ¥($) — > P 1 xP". Consider also the vector bundle map v t xV n — > & 
given by the matrix 



(3.1) M 



Note that det M = f and so X is precisely the degeneracy locus of the map above. From this 
we see that L = coker M\x defines a line bundle on X and the surjection <§\x — > L — » gives 
rise to an embedding X C P(S'). 

Let us study the birational structure of P(<#) more closely. The nef cone of P(<f) is spanned 
by the three line bundles L\ = ir*€?(l, 0), L2 = tt*£?(0,1), and L 3 = From this we see 

that there are three extremal contractions of P(<?): m : V{S) -> P 1 ; tt 2 : P(<f) -> P"; and 
/i : P(<?) — > y, where /x is birational. 

We make this more explicit as follows. The vector bundle S is generated by the sections 



//o 


h 




fd-1 fd^ 




x 











-Xi 


x 


: 












V 







-Xl XqJ 



where z a e if (<?(0,- 



= y 3/1 2 o, 

-e)) and zi, 



,z d eH°(g(- 



u 0i — x i) z ii u li — x l z i, i — 1) 

T, 0)). These sections determine a surjection 
^v+2d+i _^ ^ o and hence an embedding p(<g>) c pi x P n x P w+2d where AT = ( n + e ) - 1. 
The three aforementioned contractions are then 7Ti = pr 1; 7T2 = pr 2 , and /x = (pr 1 x pr 3 ). Note 
that the third projection pr 3 defines a morphism P(S') — > Z = Proj _ff°(P 1 x P™, Sym<?) which 
contracts the divisor z = 0. 

In terms of the sections Ui,Ujk, the variety Z has the following interpretation: it is embedded 
in V N + 2d as the 'join' of two varieties; the Segre embedding Si td -i C P 2 ^ 1 of P 1 x P^ 1 and 
the e-th Veronese embedding V e C P N of P". In other words, if Si^-i is embedded in f> N+2d 
in the linear space P 2d_1 = {u = • • • = un = 0} and V e in P w = {u i = • • • = uid = 0}, 
then as a set, Z consists of all the lines joining a point <Si,d-i with a point in V e . In terms of 
equations, Z is defined by the quadratic equations defining the Veronese in u 0l . . . , un and the 
binomial quadrics defining the Segre embedding in uoi> . . . , Mid- In this notation, P(<s") is the 
blow-up of Z along the ideal (u 0} . . . , Un, iioi,«n) and F is the blow-up along (tioi, un). The 
morphism v : Y — x Z is small since (iioi> u ii) nas codimension one. 

On the other hand, the variety Z can also be blown up along the ideal («oi, . . . , uod) to get 
a different small resolution Y + — > Z. If we blow up (uo, . . . , mat, U01, . ■ . , Mod), we can identify 
the blow-up with a projective bundle P(<? + ) where $ + is the vector bundle ff V d-i xpn (0, e) © 
^ P<i -i xP n(l, 0) 2 over P^ 1 x P™. As above, we get an embedding P(<?+) C P^ 1 xP"x p^+2d 
and a contraction P(<?+) — > V+. These varieties fit into the following diagram 



(3.2) 



p(0 



■ P(<?+) 




where all the morphisms except pr^ are birational. 
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The variety Y is a Q-factorial toric variety with Picard number 2. Concretely, it is defined 
in P 1 x p N + 2d by two sets of equations: (1): The Veronese quadrics in uq, . . . ,ux; (2) the 
minors of the 2 x (d + 1) matrix 

'xq Uqi ■■■ U 0d 
Xi Uu ■■■ Uld 

We choose a basis ei = \i*L\ and e 2 = fuL 2 for A rl (F). The Cox ring of Y is given by 

TZ(Y) = k[x ,xi,y , ■ ■ .,y n ,zi,. ..,z d ] 

where the variables are graded by degXi = ei, degyj = degz^ = ee 2 — e±. The variety Y + 
is also toric and has a similar determinantal representation in P d_1 x p N + 2d , Moreover, since 
4> is an isomorphism in codimension 1, there is a graded isomorphism 1Z(Y + ) ~ 1Z(Y). 

We know the nef cone of P(S') and that P(<£") — > Y contracts the divisor {zq = 0}, so we 
find that Nef(Y") = M>oei + M>oe2. Moreover, e 2 defines the map v : Y — » Z and ei is 
i/-ample. If we use the strict transforms of e l5 e 2 as bases of N 1 (Y + ), we have Nef(F + ) = 
K>o e 2 + K>o(ee2 — ei), and — ei is ^ + -ample. Hence (j> : Y — ■ > Y + is the (— ei)-flip of v. 



The hypersurface X can be embedded in Y via fi. In fact, from the matrix description (3.1 ), 
we see that X is defined in Y by the d + 1 equations 

(3.3) f - x\Z\ = 0, /i + xqZi - xiz 2 = 0, . . . , f d -i + x a z d -i - x x z d = 0,f d + x z d = 0. 
The (— ei)-flip cj) : Y — ■* Y + restricts to a rational map 4>\x ■ X --■> X + . Here X + is the 



image of X under 0, which is defined by the equations (3.3) in Y + . Note that the morphism 
v\x is small, since v : Y — > Z is small and since X is defined as a complete intersection in Y 
intersecting Exc(V) transversely. Moreover, since ei is z^-ample on Y, H± is i/|x-ample on X. 
Similarly, —Hi is zy + -amplc on X + . Hence <fi\x is the — iTi-flip of v\x- This gives 

Proposition 3.1. The movable cone decomposes as Mov(X) = Nef(X) U <j)\* x Nef(X + ). 

In fact, with a bit more work we can give a presentation of the Cox ring of X: 

Theorem 3.2. Let X be a general bidegree (d, e) hypersurface in P 1 x P ra with d < n, defined 



by the form (2.1 1. Then 

(3.4) = k[%o, xi,yo, . . . , y„, zi, . . . , z d ]/I 

where I = (/ - x x z u f x + x Q z x - x x z 2l f d _i + x Q z d -i - x 1 z d , f d + x z d ). 



Proof. Let R denote the polynomial ring on the right hand side of (3.4). This is the Cox ring 
of the toric variety Y and / describes the equations of X inside Y. It is clear that for generic 
/o, • ■ ■ , fd the ideal / is a complete intersection and that R/I is normal. (For example, this is 
readily seen to be true in the special case when /j = yf for i = 0, . . . , d, and so it holds for 
general /, since forming a regular sequence is a Zariski open condition.) 

By d the Krull dimension of U{X) is n + 2 ( = dim X + rank Pic(JQ). We have 2 + n + l + d 
generators of R and d+1 relations which form a regular sequence. Hence 7Z C 1Z(X) is a finite 
extension of Pic(X)-graded normal domains, hence an isomorphism. □ 

Remark 3.3. Using the Koszul complex, it is possible to show directly that the restriction 
map H (Y, GyiDf) — > H (X, &x{D)) is surjective for any effective divisor D with kernel Id, 
using the vanishing of higher line bundle cohomology on Y and P(<?) (see also [l6]). This gives 
another proof of Theorem |3.2| 

4. Surfaces in P 1 x P 2 

Let X be a very general surface in P 1 x P 2 of bidegree (d, e) . Much of the theory from the 
previous sections can be used to study the birational structure of X, but some care must be 
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taken because the Picard group of X might be strictly larger than ZiTi © 7LH 2 . However, the 
Noether-Lefschetz theorem of 17 says that when X is very general in its linear system and 
w P i xP 2 (g) ffpi X fi(X) is globally generated, then we have Pic(X) = Pic(P 1 x P 2 ). Note that 
this is the case if and only if d > 2 and e > 3. For the remaining cases, we can proceed by a 
case-by-case analysis. 

e = 1. As before, X is a projective bundle over P 1 , that is, X is a Hirzebruch surface. 
In fact, using the fact that maximally balanced splitting type is an open condition on vector 
bundles, it is not hard to see that X ~ P 1 x P 1 for d even and X ~ ¥(0 © ^(1))) for d odd. 

d = 1. Here the situation is drastically different than that of hypersurfaces in higher 
dimension, because hypersurfaces of bidegree (l,e) hypersurfaces are usually not Mori dream 
spaces. In fact, very general hypersurfaces of bidegree (l,e) can be described as the blow-up 
of P 2 along the e 2 intersection points of two very general degree d curves. This is known to 
have infinitely many (— l)-curves for e > 3, so their effective cones of divisors are not rational 
polyhedral. Note that in these cases the rank of the Picard group is e 2 -I- 1. For e = 1, 2, they 
are Del Pezzo surfaces and hence Mori dream spaces. 

It is interesting to note that in this case it is still true that the subalgebra of IZ(X) given by 
1Z{H\,H2) = 0( a b) e z 2 H°\X, aHi + bH 2 ) is finitely generated. Indeed, the Hi,H 2 are base- 
point free, so the subalgebra lZ(Hi,H 2 ) ne f = © a b> H°(X, aHi+bH2) is finitely generated by 
Zariski's theorem [8j Lemma 2.8]. Hence 7Z(X, Hi, H 2 ) is finitely generated, since any section 
s can be written as s'e m for some m > where s' € 7Z(Hi, H 2 ) ne f and e is a section that 
defines the exceptional divisor E. 

d = 2. Very general hypersurfaces X of bidegree ( 2, e) in P 1 x P 2 are Mori dream spaces. 
Indeed, if e = 2, X is a Del Pezzo surface of degree 4, which is a Mori dream space with Picard 
number 6. 

When e > 3, the Noether-Lefschetz theorem quoted above gives that Pic(A) ~ Pic(P 1 x P 2 ). 
As in Section 2, we can define a finite surjective morphism 4> : X — > Y to a hypersurface of 
bidegree (2, 1) (thus Y ~ P 1 x P 1 ). This gives that nef cone is spanned by H\ and eH 2 — Hi 
and equals the effective cone. Moreover, Hi and eH 2 — Hi are both base-point free, so by 
Zariski's theorem again, the ring 1Z(X) is finitely generated. In fact, Ti-(X) has a presentation 
similar to that in (3.4 1. 

When d > 3 and e > 2, a very general surface of bidegree (d, e) is not a Mori dream space. 
We postpone the proof of this claim to the next section. 



5. NON-MORI DREAM SPACE HYPERSURFACES 

In this section we give examples of bidegree (d, e) hypersurfaces in P 1 x P" which do not have 
a closed effective cone and hence are not Mori dream spaces. From the the previous sections 
we know that this can only happen when d > n + 1 and e > 2. 

We will use the following idea: We let Y be the variety of hyperplanes in a rank n semistable 
vector bundle over an elliptic curve C and construct a generically finite morphism Y — > P 1 x P™ 
with image X a divisor of bidegree (d, e). We will see that such maps can be constructed as 
long as d > n + 1 and e > 2. Note that on Y there are plenty of nef divisors which are not 
semiample, due to the continuous part of the Picard group. In fact, we may pick a basis of 
divisors Li, L 2 for A X (F) such that one of the extremal rays of the nef cone does not have an 
effective multiple. We will use this observation to show that a line bundle on P 1 x P™ which 
restricts to the extremal ray of the effective cone of a general (d, e) hypersurface is not effective 
on X . By semicontinuity, this will imply that the extremal ray of the nef cone of a general 
divisor is not semiample, since it has no effective multiple. Hence a general bidegree (d, e) 
hypersurface is not a Mori dream space. 
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Wc first need the following lemma which gives a bound for the effective cone of a very 
general hypersurface in P 1 x P". It essentially says that the class neH 2 — dHi, which has 
self-intersection 0, is pseudoeffective. 

Lemma 5.1. Let X be a divisor of bidegree (d,e) in P 1 x P". Then the Eff(A") contains the 
subcone 

(5.1) M>o#i + R >0 (neH 2 - dH{) 



Proof. Let L = ff x {aH x + bH 2 ) be a line bundle in the span ( pTI] ). We have L n = b n - x {bd + 
aen) > 0. Furthermore, from the exact sequence — ¥ ^pi x p» (a — d,b — e) — > &pi x pn (a, b) — > 
L —> and cohomology vanishing of line bundles on P 1 xP", we see that H l (Y,L) — for 
i > 1. Hence h°(mL) > x(jnL) — m n L n /n\ + ... and so L is big. □ 

The line bundles in this cone correspond exactly to the line bundles L such that L n > 
and L 71 ^ 1 ■ Hi > 0. The two divisors Hi and neH 2 — dHi will in fact turn out to be extremal 
in the effective cone, so generically there exists no divisors of negative self-intersection on X. 

5.1. Construction of the special hypersurfaces. Let C be a smooth elliptic curve. By 
results of Atiyah [2], C has a semistable rank r = n vector bundle $ of degree d > n. Let 
Y = P(S') denote the variety of hyperplanes in $ with its projection 7r : Y —> C. 

An essential point of the construction is defining two morphisms / : Y — >• P 1 and g : Y — > P" , 
so that the induced map F = / x g : Y — > P 1 x P™ is generically injective and the image of 
F is a divisor of bidegree (d, e). Let O = pi + . . . + p e be a divisor of degree e on C. We will 
define / and g using sections of the line bundles L\ = 7r*i^ > c(c)) and L 2 — <^(1) on P(<?) and 
arrange Z) to ensure that this condition holds. Note that Li ■ LVj, = e and = d. 

Lemma 5.2. The line bundles Li and L 2 are base-point free and L 2 is ample. 

Proof. Li is the pullback of a base-point free divisor on C. L 2 is base-point free because 
S is generated by sections: Indeed, this is true for any semistable vector bundle of degree 



d > r(2g(C) — 1) = n. When S is semistable, any effective divisor on P(<?) is nef 13 1.5. A]. 
Moreover, L 2 is big (since h l (Y, 0(m)) = h^C^S" 1 ^) = for all m > and i > 0, by the 
semistability of <?), so it lies in the interior of the nef cone and hence is ample. □ 

A general base-point free pencil of sections of ffc(P) defines a degree e morphism C — > P 1 . 
Composing with ir, we see that a pencil of sections of Li defines a morphism / : Y — > P 1 whose 
generic fiber consists of e distinct fibers of n. Similarly, note that if $ is semistable of degree 
d > n(2g — 1) = n, we have /^(C, S) = and so by Riemann-Roch, h°(C, S)=d>n + 1. A 
choice of n + 1 generic sections defines a finite morphism g : Y — >• P™ of degree d. 

Lemma 5.3. For 9 G Sym e C very general, the image X of the morphism F = / x g : X 
pi x V n is a divisor of bidegree (d, e) . 

Proof. First of all, F is finite, since g is finite, and so the image is a (possibly singular) 
hypersurface in P 1 x P". We will show that F has degree 1 below. 

Given this, it is clear that the image Xq has bidegree (d, e). Indeed, note that the projections 
pr-L : Y — > P 1 and pr 2 : Y — > P™ factor through / x g and determine the bidegree uniquely: 
If Xq has bidegree (a, b), we have a = Xo ■ pr 2 ^pn(l)™ = L 2 l — d and b — Xo ■ pr 2 ^pi(l) • 
pr^ ^(l)"- 1 = L x ■ LJT 1 = e - 

We now show that F has degree 1. It is clear that the generic fiber of / consists of e fibers 
of 7r and g is finite of degree d. Let y £ Y be a general point. To show that F is generically 
injective it suffices to show that / _1 (/(y)) avoids f~ 1 (f(y')) for any y' e g ^igiy)) — {y}- 
Indeed, if this is true, then we have F~ 1 (F(y)) = f~ 1 (f(y)) H g^ 1 {g{y)) = {y}- 
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Note that if I is a line through the point g(y) E P", then the preimage g~ l {l) is generically 
a section of it (because L 2 l ~ l ■ tt* &c{p) — 1 for a fiber over p £ C). This means that if y is a 
general point, the points in the fiber g^ 1 {g(y)) must lie in different fibers of ir. Now the claim 
follows, since of generic t) and /, the preimage / _1 (/(y)) intersects these fibers only at y. Thus 
F is generically injective and the proof is complete. □ 

Lemma 5.4. 7/5 is very general, the divisor D = enL 2 — dLi on Y does not have a positive 
integral multiple which is effective. 

Proof. We need to show that for each m > 0, 

H°(Y,0(mD)) = H a (C,ir«0(mD)) = H°(C, S enm S ® ff c {-drrii>)) = 

Note that S emn <§ is a semistable vector bundle of rank r = ( em ™^™~ 1 ) and degree edmr and so 
S emn S ® ffc{—dmX)) is semistable of degree 0. If c) is very general, then these vector bundles 
do not have any global sections by the lemma below. □ 

Lemma 5.5. Let $ be a semistable vector bundle of rank r and degree on a curve of positive 
genus. Then for a line bundle L defining a general point in Pic°(C), we have H®{$ ® L) = 0. 

Proof. If $ is a line bundle, then the result is clear, since the only effective line bundle of 
degree is the trivial bundle and Pic°(C) has dimension > 0. So we may assume that rank 
S > 2. 

The result holds if <§ is stable, because in that case so is £ ® L, and if S eg) L has a section, 
then is a subsheaf, contradicting the stability condition. 

If £ is strictly semistable, then the Jordan-Holder filtration says that there is a semistable 
subbundle &' C S such that <§ jS' is a stable vector bundle and both S and <£ /£" have the 
same slope as S (that is, 0). From this we get an exact sequence of degree vector bundles 

-> S" ->• S ->• §!§' -> 0. 

Tcnsoring this with L and taking cohomology, the result follows by induction on the rank. □ 

We are ready to prove the main theorem of this section: 

Theorem 5.6. Let X be a very general hypersurface o/P 1 x P" of bidegree (d, e) with d > n+1 
and e > 2. Then the effective cone of X is not closed. In particular, X is not a Mori dream 
space. 

Proof. We show that the effective cone is not closed. To do this it is sufficient by semi- 
continuity of dim H° to exhibit a single divisor X of bidegree (d, e) such that no multiple 
of the line bundle L := prj ^pi(— d) ® pr^ ^pn(ne) restricts to an effective divisor on X$\ 
then the same conclusion holds for a very general deformation of it. Since this line bundle is 
pseudoeffective on a very general hypersurface, the result follows. 

We will let Xq be the image of Y = P(S') under the morphism F = f x g defined earlier. By 
construction, the image Xq is a divisor of bidegree (d, e) such that the line bundle F* L\x = 



&y {enLi — dLi) has no effective multiple on Y (Lemma 5.4). Note that Xq is reduced (although 
it may be singular), hence the natural map 0x Q — > F*Gy is injective, and we have 

H (X a ,L\ Xo ) C H°(X ,L\ Xo ® F,0 Y ) = H a (Y,F*L\ Xo ) = 

The same argument shows that no multiple of L is effective on Xq and the proof is complete. □ 

Corollary 5.7. Let X be a very general divisor X C P 1 x P n of bidegree (d, e) with d > n + 1 
and e > 2. Then 



(5.2) Eff(X) = Mov(X) = Nef(X) = R> iii + R> a (neH 2 - dH x ). 
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Proof. By Lemma 5.1 we have that the pseudoeffectivecone contains the cone on the right hand 
side of (5.2), and so two cones coincide by the theorem. Moreover, neH 2 — dH\ is net on the 
special hypersurface A used in the proof of the theorem, since it pulls back to a nef divisor 
on P(<?) via a finite surjective morphism. Moreover, on Ao, the pseudoeffective cone and the 
nef cone coincide, so by the argument of |14| Lemma 4.1], the same conclusion holds for a very 
general deformation A of Xq. □ 

Example 5.8. In dimension 2, (3, 2) is the first bidegree for which a very general divisor is 
not a Mori dream space. This variety is rational surface which is isomorphic to a blow-up of a 
Hirzebruch surface in 9 general points, so the Picard number is in fact 11. 

Example 5.9. By the Noether-Lefschetz theorem, a very general surface of bidegree (3, 3) in 
P 1 x P 2 has Picard number 2. By the theorem, the line bundle L — 2H 2 — H\ is nef, but is 
not semiample. In fact, L is strictly nef, in the sense that AegL\c > for every curve C (since 
L ■ C — implies C ~q L, and L is not Q-linearly equivalent to an effective divisor). This 
gives a simple counterpart of Mumford's example mentioned in the introduction. 

Example 5.10. A very general divisor of bidegree (4, 2) in P 1 x P 3 can be viewed as a quadric 
surface bundle over P 1 . It is therefore a rational threefold with Picard number 2, which is not 
a Mori dream space. 

6. HYPERSURFACES IN PRODUCTS OF SEVERAL PROJECTIVE SPACES 

For hypersurfaces X in products of projective spaces with more than one P^factor, the 
situation becomes more complicated. In particular, we don't expect Mori dream spaces, even for 
low degree hypersurfaces. The following example, which appears in the work of Kawamata 11 , 
illustrates this already for a Calabi-Yau threefold. 

Consider a smooth hypersurface of tridegree (2,2,3) in P = P 1 x P 1 x P 2 defined by an 
equation 

f(x i ,y i ,z l ) = xlfo + x x 1 f 1 + x\f 2 
where /c/1,/2 are forms of tridegree (0,2,3). Note that the projection (prj^ x pr 3 ) : X — > 
P 1 x P 2 contracts the codimension 2 locus W = {/o = f\ = fi — 0} which is a union of 54 
rational curves. Taking the Stein factorization gives a small contraction </> : X — > Z where Z is 
the double cover of P 1 x P 2 ramified over the divisor defined by / 2 — 4/ /2 = 0. Note that Z has 
a natural involution a' : Z — > Z, which switches the sheets of the covering. This determines a 
birational pseudoautomorphism a : X — » X defined outside W. In terms of Hi, H 2 , H3 it is 
not hard to show that a* Hi + Hi = 2H 2 + 3H 3 and that a : X — » X is the (— i?i)-flop of <j>. 

One can repeat the argument with the other contraction (pr 2 x pr 3 ) : X — > P 1 x P 2 to get 
another pseudoautomorphism a' of X. Moreover, a and a' generate an infinite subgroup of 
the group of pseudoautomorphisms of X, PsAut(X). In fact, also the group PsAut(A)* = 
im(PsAut(A) — > GL(N 1 (X)) is infinite. In particular, X is not a Mori dream space, because 
there are infinitely many non-isomorphic marked small Q-factorial modifications. 

Using essentially the same technique, one can show the following result: 

Proposition 6.1. Let X be a smooth Calabi-Yau hypersurface of dimension > 3 in P = 
(P 1 )" 1 x P™ 1 x • • • x P Ilfc where ni,...,n k > 2 and let H t = pr* Then the nef cone is 

given by Nef (A) = IR>o-ffi + M.>qH 2 + . . . + R>o£ffc+ m . Moreover, the following hold: 

(i) Ifm = 0, then Eff(A) = Mov(A) = Nef (A) = Eff(P) and X is a Mori dream space. 

(ii) If m = 1, then the effective cone is strictly larger than that off, X is a Mori dream 
space. 

(Hi) If m > 1, then X is not a Mori dream space. In fact the group PsAut(X)* is infinite and 
the movable cone is not rational polyhedral. 
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Proof. The description of the net cone follows from a more general theorem of Kollar 1 3 , which 
states that if Y is a smooth Fano variety of dimension at least 4 and X € | — Ky | is a smooth 
divisor, then the inclusion induces an isomorphism of the cones of curves i* : NEi(X) — > 
NE\(Y). Taking duals gives that the nef cone is the first quadrant ^ K> ff 3 in 2V 1 (X). 
The case (i) follows from the results of Jow and Artebani-Laface, as in Proposition |1.3| 
For (ii), let a : X ---> X be the pseudoautomorphism of X obtained by viewing X as a double 
cover of P™ 1 x • • • x P" fc . It is not hard to show that any divisor D lying in the'coordinate planes' 
= 5Zj^jR>o-Hj is n °t big for any i > 1. This follows for example by taking cohomology 
of the ideal sheaf sequence — > 0p(D — X) — > ffp(D) — > (?x{D) — > and using the vanishing 
of higher cohomology of line bundles on P. Hence the only supporting hypcrplane of Nef(X) 
containing big divisors is e^. Note that this hyperplane is fixed under the involution a*, and 
so by applying a* to Nef (A), we see that any divisor in the boundary of Nef (A) U a* Nef (X) 
is not big. Hence Eff(X) = Mov(X) = Nef (A) U a* Nef (X) and so X is a Mori dream space. 

(Hi) follows as in the example above, noting that two P 1 -factors give rise to two pseudoau- 
tomorphisms a, a' generating an infinite subgroup of PsAut(A)*. □ 

In j5j, Cantat and Oguiso give a very detailed overview of the cones of effective, movable, and 
nef divisors on hypersurfaces in (P 1 )" 1 of multidegree (2, . . . , 2). In particular, they verify the 
Morrison-Kawamata cone conjecture for these hypersurfaces, which means that even though the 
movable cone itself is not rational polyhedral, it has a rational polyhedral fundamental domain 
under the action of PsAut(A) on N 1 (X). In fact, they show that PsAut(A) ~ Z/2Z*- • -*Z/2Z, 
generated by the birational involutions above and that the fundamental domain in question is 
the nef cone of A. It is likely that these results generalize to the hypersurfaces in Proposition 
IO 
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